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«d discrepancy sets”

deman & M. Voorhoeve

\CT

et w = {Ej}§=1 be a sequence in [0,1). We define the discrepancy

.on Dn by Dn(w,a) = Zn(w,a) - no, where Zn(w,a) is the number of ele-

in [0,0) among the first n terms of w. It is known that sup Dn(w,a)= ©

rery sequence w. In this paper sets S are characterized fgénwhich an w

5 such that supn Dn(w,a) < o for every a ¢ S. Furthermore we investi-

sets S such that sup D (w,0) < « for some w. In particular, we
0eS,neN 1

ln Corollary 1 of Theorem 5 that such sets S have relatively large

Theorems 1-4 are based on Lemma 1, which provides a construction for

1ces with small discrepancy at specific points. Theorems 5 and 6 are

sations of Lemma 3 which is proved by a method of W.H. Schmidt.

JRDS & PHRASES: Discrepancy, irregularities of distribution, uniform

distribution.

is report will be submitted for publication elsewhere.







1. INTRODUCTION

Let U be the unit interval consisting of numbers & with O < & < 1, and
let w = {gl,gz,...} be a sequence of numbers in this interval. Given an o in
U and a positive integer n, we write Zn(w,u) for the number of integers i
with 1 £ i <nand 0 < Ei < o and we put Dn(m,a) = Zn(m,a) - no. For conven-

ience we define Dn(w,l) = 0 and DO(w,a) = 0 for all o, n and w. Put D(w,a) =

sup [Dn(w,a) .
In answering a question of J.G. van der CORPUT [2], Mrs. T. van AARDENNE-
EHRENFEST [1] showed that there is no sequence w in U for which SUP_ _y D(w,a)
is bounded. P. ERDOS [3] wondered whether for every sequence w there exist
numbers o such that D(w,0) = . This was answered by W.M. SCHMIDT [4] in the
affirmative. Later SCHMIDT [7, p.40] proved that for every sequence w even
D (w,a 1
lim sup £3§£Ié§l£'> 2000
n - o

for almost all a. SCHMIDT [5] also investigated sets at which D can remain
bounded. He demonstrated that the set S(»):= {a: D(w,a) < =} is countable
for every sequence w. Theorem 1 gives the opposite result that for
every countable subset S of U there exists a sequence w such that D(w,a) <
for every o in S. In the special case S = @ Theorem 3 gives a guantitative
result which is in a sense the best possible. We remark that SCHMIDT [6]
generalized his result on the countability of S(«) in a very remarkable man-
ner. See also L. SHAPIRO [8].

‘ We call S a k-discrepancy set if there exists a sequence w such that
D(w,0) < k for every a in S. A bounded discrepancy set (BDS) is a set which
is a k-discrepancy set for some k. Theorem 2 states that every finite set
is a BDS. Recall that a number vy is a limit point of a set S if there is a
sequence of distinct elements of S which converges to y. The derivative S(l)
of S consists of all the limit points of S. The higher derivatives are de-

(d) (d—l))(l)

fined inductively by S = (S
that S(d) is empty if s is a k-discrepancy set and if d > 4k. Furthermore
(d)

(d = 2,3,...). SCHMIDT [5] proved

he showed that S need not be empty if-S is a d-discrepancy set. This

. -1
provides a necessary condition for being a BDS. The fact that S = {n }:_2
(2) -

is not a BDS while S = ¢ shows that the condition is not sufficient. The




orollary of Theorem 5 gives a property of a BDS which this set does not
ulfill: if S is a BDS then there is an € > O such that every interval of
ength £ contains a subinterval J of length e€f with J n S = . It seems a
ifficult problem to characterize BDS' in a simple way, if possible at all.
n Section 4 we argue that the essential problem already occurs for a mono-
onic decreasing sequence with limit 0. Theorem 4 gives a sufficient condi-
dion for being a BDS and in Theorem 6 we show that in a certain case the

ecessary and suffcient conditions coincide.

. The basic tool for construction BDS' is the following lemma.

EMMA 1. Let o, B, Y be real numbers with 0 < o < 8 <y £ 1. Let V ¢ U.
[ee]
ssume there is a sequence w = {gn}n=1 in V such that D(w,a) <A and D(w,y) <C.

'hen there exists a sequence w' = {E;}:=1 in v u {a} u {B} such that

i) EA = En if En e [0,0) U [¥y,1),

ii) gl e {a,B} if E, € La,y) .,

iii) D(w',x) = D(w,x) for x € [0,a] u [y,1),

Y-8, B, 1
Y-0o Y-o 2

IN

iV) D(w',B)

'ROOF. We may assume without loss of generality that En =aq if En € La,y),
ince D(w,x) for x € (o,Yy) is of no importance for the lemma. We shall prove

v induction on m that we can define &' € {a,B} in such a way that
m,

1 1
1) -E-S Am 5-5
here
- ' _ Y-8 _ B
2) Am Dm(m , B) — Dm(w,a)‘ vy Dm(w,y).

't is obvious that A_ = 0 and that (1) holds for m = 0. Suppose that m ig

0
jome non-negative integer for which the induction hypothesis holds. If
. . _
1 © [0,0) U [y,1), then we put £m+1 £m+1. It follows that
Y-8 B-o

Am+1 = Am + (1-B) - q:a-(l—a) - ;——-(1—Y) = Am




if €m+1 e [0,a) and that

if Em+1 € [y,1). Hence (1) holds in this case. I

, 1 o .
if Am < (B-a)/(y-a) - 3 and €m+1 = B otherwise.

Y-8, _ Ba .\
mat = Bp * (=B +I=o e - = (1)

>
I

>
+

. Thus (1) is va

1
and hence, by (1), —%—S A < 3

m+1

By the above construction a sequence w' = {
isfies (i) and (ii). Further (iii) is an immedia

(ii). Finally it follows from (1) and (2) that

Y- B B-a

1 < —_— —
|Dm(w B < — IDm(w,a)I kv IDm(
form=1,2,... . This implies (iv).

REMARK. Note that the discrepancy of w' is bound
Hence w' assumes both values in [a,B) and in [B,

implies that both o and B occur as terms of w'.

3. SCHMIDT [5] proved that every $(«) set is ¢

theorem shows that every countable set is a S(x)

Il

THEOREM 1. For every countable set S {al,a

P
quence w such that D(w,aj) < o for j=1,2,... .

PROOF. Without loss of generality we may assume
tinct numbers. We shall prove by induction on m

w = {¢ ...} in {O,al,...,am} such that

m,l'gm,Z'

= o then put €$+1 = 0

1 = o, then
+1__B_.—_a'_
Y=o

th m+1 in place of m.

is defined which sat-

sequence of (i) and

N

both o and B and Y.
(i) and (ii) this

le. The following

U there exists a se-

0, ;0.,... are dis-
’ 1’ 2!

here exists a sequence




i) D(wm,aj) = D(w 1,aj) for j =1,2,...,m-1,

m-—
ii) D(wm,aj) <o for j=1,2,...,m,
s < 4 < . . . _
111? If 1 3 m and gm—l,n is the first element of wm—l with Em—l,n aj,
then & = Q..
m,n 3j

orm = 1 we apply Lemma 1 with a =0, B=0a,, Y=1, A=C =0, V= {0}.

1l
uppose that m is a non-negative integer for which the induction hypothesis

olds. Let o be the largest element of the set {O,l,ul,...,um} which is

maller than am+1 and let Y be the smallest element of this set which is

arger than o Apply Lemma 1 with this o and vy and with B = o . This

m+1
in {O,al,...,am+1} satisfying (i) and (ii). Let n be

m+1°
ives a sequence '

m+1
. . = ' = = w' ,.
he smallest integer with Em,n a. If €m+1,n o, then put wm+1 wm+1
. - . . . ,
£ €m+1,n B, then we form wm+1 by interchanging the first o and the first

in w$+1. This change does only affect the discrepancy in (a,B], in fact
y at most 1 in absolute value. Since wm+1 is derived from wo by merely re-

lacing some a's by B's, the other aj's in wm remain unaltered. Thus wm

+1
atisfies (i) - (iii) and the induction step is complete.
Ly . £ _ .
By (iii) the sequence {Em,n}m=1 is constant from some mo mo(n) on
it £ = ¢ . This induces a sequence w = {&,,£.,...}. By the construction
n mg ,n 1°°2
< a, if &

<o, and &€ =2 o, if &, 0., for all j and n. Hence
J n J J J

2
1 J js/n n
(w,a.) = D(w.,a.) < o for j =1,2,... .
J J 3]
The following theorem shows that every finite set is a BDS and gives

1 upper bound which can only be improved by a constant factor in view of

>rollary 2.

iEOREM 2. For every finite set S = {al,uz,...,am} in U there exists a se-

lence w such that

log (2m) .

< —_— =

D(w,aj) =2 1og 2 for j 1,2,...,m.

00F. We prove by induction on t that for every finite set {al,uz,...,azt_l}
t
-1.

1 U there exists a sequence wt such that D(wt,aj) <t/2 for §j =1,2,...,2
>x t = 1 we apply Lemma 1 with o = 0, B = ar Y = 1, A= C = 0. Suppose
1e induction hypothesis is true for t. Let {al,az,...,a2t+1_1} c U. We

1y assume without loss of generality that 0 < oy < o, < ... < “2t+1 . Put




). There exists a sequence w/! in {ao,a ..,a2t+1_2} such that

2"%""
L2i) < t/2 for i = 0,1,...,2%-1. On applying Lemma 1 with a = LIV

- -~ = Lo t .
141 Y = Uit A=C¢C t/2 for i 0,1,...,2°-1 and combining the

:ing sequences in an obvious way, we obtain a sequence w such that

t+1
+1
,ai) < (t+1)/2 for i = 0,1,...,2t -1. This proves the induction hypo-

;s for all values of t.

.t a set S = {al,a ,...,am} be given. Let t be the integer with

2
t
im < 2 . We have shown that there exists a sequence w = wt with

1
D(w,aj) < E-t < é{1-+—————— 1,2,...,m.

Hh

0

R

.
I

'he following result gives a quantitative form of Theorem 1 in the

11 case S = @ which is best possible in a similar way as Theorem 2 is.

M 3. There exists a sequence w such that
b
D(w,q) < 1+4 log g

rery p/q with p,gq € Z and 0 < p < g.

oo

We prove by induction on t that there exists a sequence w, = {Et n}n*l
, =

3
‘inite set Vt of at most 2 t rational numbers with the following pro-

:S:

c > 2
Vt__1 Vt for t ’

- 2

Vt contains all numbers p2 2t with p e Z and O < p < 2 t,
Vt contains all numbers pq_1 with p,g €e Z and 0 < p < g < 2t,
if a € Vt—l and gt_lln is the first element of wt—l with gt-l,n o,
then Et,n = q,
D(w, ,a) < E-t - §-for eve o in V

e =2 2 Y t’
= 1 we take V1 = {O,%y%y%} and by a double application of Lemma 1
exists a sequence W, in V1 such that D(wl,a) <1 for a € Vl. Suppose

1 positive integer for which the induction hypothesis is true. We con-

: in t e steps:
Vt+1 in thre ep




k 2t+1
| J— —_— .
vt vt U {22t+1. ke Z, 0<k<2 1,
k 2t+2
[ L T ——
vy Vt U {22t+2' ke Z, 0<kc<2 },
g P, t+1
2 Vtu{q.p,qu,O<p<q52 }

bserve that at each step any two "new" points are separated by an "o1d"
oint. Hence we can apply Lemma 1 as we did in the proof of Theorem 2 and
'e obtain sequences w!, w!, w!' with discrepancy at v'!, V", V at most

: 5 1 s t t t t t t+1
rt -1, E-t -5 E-t respectively. Clearly (i) - (iii) are fulfilled with

#+1 in place of t. For every a € V_ with the property that'gt+1 n # o where

t '

1 1s the smallest integer with Et n = o we make an interchange like in the
7

wroof of Theorem 1. In such a case £ is a number B € V 1‘\V which is

t+1,n t+ t
maller than the smallest element of Vt which is larger than a. By inter-

‘hanging the first o and the first B in wg' the discrepancy function re-
lains unchanged outside the interval (a,B] and changes by at most 1 in (a,B]
n absolute value. Since these intervals (a,B] are disjoint, the sequence

1 which results after all interchanges have been made, satisfies (iv)

ith t+1 in place of t and moreover D(wt+1,a) < é-t+1 for every a € Vt+

2 1°

his completes the induction step.

By (iv) the sequence {Et,n}§=1 is constant from some to = to(n) on.
ut £ = & . This induces a sequences w {€,,6.,...}. By the construc-
n to,n 1 2
ion & < a if & <o and & 2 a if & 2 o for every o, n and t with
. n t,n n 2! :

€ Vi. Let p/qd € Z with 0 < p < q < 2%, Let t be the integer with
t-1 ’

< q < o, Then p/q € V.. Hence

By _ By c2,_3
D(w,q) D(wt,q) st 5 < 1 +5logg/21og2 < 1 + 41ogqg.

. Suppose we want to decide whether a set S is a BDS. If it is, there

xists a sequence w and an integer d such that

3) D(w,a) < d for every a € S.




1llows from a result of SCHMIDT [5] that S has to be countable and

1
) = (J. Note that Dn(w,a) = lim€+O Dn(w,u+e) for every a and n. Hence

is the limit of an increasing sequence in S and S satisfies (3) then

,O) < d. If aq > 0 is a limit point of S but not the limit of an in-

ing sequence in S, then we can replace every a. in w by o,-€ for a

0
ciently small € > O without changing D( ,a) for o € S U Sql)\{ao}. For

new sequence w' we have D{(w',a) = lim€+O D(w,o0+e) < d. Since we can do
(1)
S

r all such o, € \S simultaneously, we conclude that S is a BDS if

Q)

mly if S U S is a BDS. We may therefore assume without loss of gen-
(3)

ty that S is closed. It further follows that S (3 =1,2,...) as a

quence of S is also a BDS. So it is sufficient to be able to decide

(1)

ler a set S is a BDS if it is known that S is a BDS, for then one

(4a+1) | S(4d) | (D) o

s s = .

ipply the argument to make the transitions S

1
Let S be a set such that S( ) is a BDS. For a € S let ¢(a) denote an

:mt in S(l) with |a- ¢(a)| minimal. Let B € S(l) and let CINLISRE be
slements of S with ¢(aj) = B and aj > B ordered in such a way that
t2>-a3> ... . It is obvious that Oy rOgrees is a BDS if and only if
'uz—B,... is a BDS. For the points o € S with ¢(a) = B and o < B a simi-
irgument applies. So the essential difficulty is to decide whether a
:onic sequence Oy rOgreee in U with limit O is a k-discrepancy set or

(1)

If S is a BDS and there exists a constant kK such that for every
;(1) both the points a € S with ¢(a) = B, a < B and the points a € S
$(a) = B, a > B are k-discrepancy sets, then S is a BDS itself.

The following result gives a sufficient condition for a monotonic de-
5ing sequence with limit O to be a BDS. Necessary conditions for such

s:nces are given in Theorems 5 and 6.

oo
REM 4. Let {an}n—l be a monotonic decreasing sequence in U with ol -0
+> o, If there exist a positive integer h and a constant c with c < 1

that un+h <'cocn forn=1,2,..., then there exists a sequence w such

1 + log 2h
2-2c 2 log 2

D(w,an) < _for n=1,2,... .

F. We prove by induction on t that there exists a sequence




. ={&. ¥ . in {0,a

t t n n=1 thlath_ll---,ul} SU.Ch that
14
(4) D(w, ,a.. ) < L for 3 =1,2,...,t
t'73h 2-2c rerney
ind
, 1 1 2h .
5) D(wt,aj) < 7=5g + 2%1@‘2 for 3 =1,2,...,th.

'or £t = 0 the assertion is true. Suppose t is a non-negative integer for

thich the induction hypothesis holds. First apply Lemma 1 with o = O,

)

} o= u(t+1)h’ Y = ath (y=14if t=0), A =C = (2—2c)—1. Hence, there exists

oo
\ sequence w! in {O'u(t+1)h’ath'ath—1'ath~2’""al} such that

e] 1 1
' < — = 3 =
D(wt,ajh) S5t 3T 35 for j = 1,2,...,t+l
ind
1 log 2h .
! < + = ... th.
D(wt,uj) 5Toc 2 1og 2 for j 1,2, th

lext we apply the argument used in the proof of Theorem 2 to the points

. 0O The only difference is that everywhere A and C have

“(t+1)h=1"""" "%+t

.0 be increased by (2—20)_1. So we obtain a sequence Weiq in

Or® et1)n @ (t+1)not’ - - - +%} which satisfies (4) and (5) with t+1 instead
£ t.
Every sequence {gt,n}t=1 is constant from some tO = to(n) on. Let

, = lim g€, _. This defines the sequence w = {En}:=

As before we have
t>o “t,n

1

1 + log 2h
2-2c 21log 2

D(wla_-') = D(wj’aj) < for j = 1,2,... .

To derive further properties of a BDS we use a technique due to
CHMIDT [5]. Since we shall work from now on with one sequence w only, we
hall suppress the variable w and write<Dn(a), etc. Let I and J be real in-

ervals. We shall use the following notations.




hl(a) = max Dn(a) - min Dn(a),

nel nel
D (aIB) =D (8) - D (OL) = Z(nIB) - Z(n,oc) - n(B—Cx')I
n n n
hI,J(OL,B) =
= max(min D (a,B) - max D (a,B), min D (a,B) - max D (a,B)).
n n n n
nel nedJ nel nel

The follbwing lemma involves Schmidt's basic idea.

_2. Suppose o,B € U and suppose that J, K are subintervals of an

val I. Then

1
hI(u)-FhI(B) 2 hJ K(a,B)-FEKhJ(a)-+hJ(B)-FhK(a)4-hK(B)).

14

[5, Lemma 5].

We use Lemma 2 to show that the average value of hI(a) in a sequence
:11-spaced points o cannot be very small.

. 3. Let X\ be a real number with 0 < A< %u Let c and t be positive

ers with 3Ac £ 4. Put m = (4c)t. Let I be a real interval [x,y) with

| of length at least m/A. Let ao'ul""’dm—l be real numbers satisfying
L- < j = eee,m-1 - 2
. aj_ll Ac/m for j 1,2, ,m and aj+m/2 aj A for
,1,...,§ m—-1. Then, for any sequence w in U,
m-1

1 z t

— h_(a,) > — .

m =0 I3 64c

' Let J = [v,w) be any interval of length m/(4c)) with v = 0. Take

‘ers a and b such that v £ a < v+l and w-1 < b < w. Suppose

Zb(am_l) - Za(am_l) - Zb(ao) + Za(uo) < = .




10

Db(aj+%m) - Da(aj+%m) - Db(aj) + Da(aj)

< - - - - -

< Zb(am_l) Za(am_l) Zb(a0)4-za(uo) (b a)(uj+%m aj)
m m m

< _ = —— - = e —

8¢~ Gox " Pr =gt 2

ience,

hJ(aj+%m) + hJ(aj)

= max Dn(u,+%m)-min Dn(a,+1m)4-max D (a.) —min Dn(a.)
ned J ned I ned nod neJ J
m m

> — - > — -1
8c 2X 8

)n summing over j we obtain that under the supposition (7)

1
2

S . _m_
i hJ(“j) = 16c

lor any positive interval J of length m/ (4c}).

We use induction on t. For t = 1 we have Dn(a) + no € Z. Let
i € {0,1,...,5%5m-1}. By the conditions of the lemma we have
A< oo

2
-— < < —
a, < Ac < 3 -

1
j+km 3j 2

11 A
i in(=,= > = la I > r I > Il -
ince mln(6,2 A) 3, we have aj A/3 or aj+%m A/3, where lal de
lotes the distance from o to the nearest integer. We can therefore choose
ntegers ie{j,j+%m} and r,s € I such that Dr(ai) - Ds(ai) > 1/4. Hence

LI(ai) > 1/4 and therefore

[S1=]

8-
Il o~11
jny
2
\%
NI

H
u
g8~

Il
-
.

'his proves the lemma in case t
We now assume that the assertion of the lemma holds for t-1 and we

hall deduce it for t. Put




vl X’*i§%°] for i = 1,2,3,4.

j be the number of pairs (U,Eu) with x+m/ (4Ac) € y < x-
€ [aj_l,aj) for some integer p. Hence zj is a non-neg:
stinguish two cases.

s3sume Z?;i zj < m/(8c). Then (7) is fulfilled for v = :
= x+m/ (2)Ac) . Hence, by (8),

1 ¢ m 1 t
m Z hy (ag) 2 76072 % Tec -

ince J, < I, this implies inequality (6).

ssume Z?;i zj > m/(8c). For every r € J1 and s € J3 we

)

D (o, ,,0.) =D (&, ,,0.,) 2z, = (s-r)(o,-o.
s j-1"73 r j-1"73 j j 3-1

=z_§
. 40

ence, for j = 0,1,...,m-1, in case zj > 1,

mma 2, or obviously if zj = 0,

1 1
> =z, +=
hI(aj_l)i-hI(aj) 2 %5 2(th(aj_1)+hJ1(ocj)+hJ3
h_(a.) =2 max(h+, (0.) ,hy (a.)) = l-h (a,) + l—h (a,)
I3 J1 503 2 J1°7 2 9375
m-1 m-1 1 m-1
2 ¥ ho(a,) 2 ) (h. (o) +h_ (a)) +5 | =z,
=0 T 3 420 "1 Jy J 4421 3
1 1 1
thplay ) -5y @) =5y oy ) -5 By (8
1 1 3
m-1 m-1 o
> Y n (OLj)+EhJ(Ot)+§’2—C

ATISOH CENTHUM

Ac) anc

intege:

Ac),

+h_ (o
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1 applying the induction hypothesis to Ji and the point sets {u4c&

> obtain
-1 4cz—1 m/(42c)—1
} h_ (a.) = h_ (a )
=0 71 3 k20 gl0 Iy el
T T N Y
k=0 4c 64c 64c
>x j = 1 and j = 3. Hence,
l~m§1 h_(a.) £l L __t
m I 64c  64c  64c

1is proves Lemma 3.
As an application of Lemma 3 we derive the following theorem.

I[EOREM 5. Let Y and 6 be real numbers with O < y < § < 1. Let H be

)ssitive integer. Let y = OyrQorees O = § be real numbers satisfyir

2 N

< O T 9%y < (6-y)/H for i = 1,2,...,N-1. Then for every sequence
1 H
D> — —_—
3) max D(w,ai) > 2000 log 28 °

i=1,2,...,N

00F. Put £ = § -y. Let t = [log(H/3)/log 16]. So H/48 < 16t < H/3.

4 68) into 3.16t parts of equal lengths and choose in every third pa

vint from {al,az,...,aN}. This is possible, since 2/3.16t > f/H. Th

) t

= i i - < -
16~ points 81,82,...,Bm with Bj Bj—l < 40/ (3m). Further Bj+%m

apply Lemma 3 with A = £/3 and ¢ = 4. Hence

t log (H/48) 1 H
" 256 ~ 256 1og 16 ~ 1000 *°9 718 °

=N

mil

h_(B.)
=0 7
. follows that for any sequence w

1 H
max D(w,Bj) > Eaaa-log 28"

j=0,1,...,m-1

particular (8) holds.
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COROLLARY 1. Let S be a BDS. Then there exists an € > 0 such that every sub-
interval of U of length £ contains a subinterval J of length at least ef

vith J n S = @.

PROOF. Let S be any BDS. Let w be a sequence and k a positive number such

that
D(w,a) < kK for every o € S.
Let [y,8) be any subinterval of U. Choose H so large that

1,
2000 ~°9 48

> K.

-1
Put € = H ~. Then, by Theorem 5, max,
i=1,...,N

{al,...,aN} in [y,8) with 0 < aj+1—-aj < e(8-y) for j = 1,2,...,N-1. Thus S

joes not contain such a subset. This proves the corollary.

D(w,ai) > k for any set

The following result shows that Theorems 2 and 3 cannot be improved by
nore than a constant factor. (The constant (4000)_1 can be improved consider-

ably.)
COROLLARY 2. Let n > 482. Then for every sequence w

1 n 1
P —— _— >
2000 1°9 28 Z 2000

max D(w,%) log n.

j=0,1,...,n-1

1
7. It follows from Corollary 1 that S = {E}:=2 is not a BDS. This result
is also a consequence of the following theorem which gives a necessary and

sufficient condition for sequences satisfying a certain regularity condition.

THEOREM 6. Let al,az,... be a strictly decreasing sequence with l1imit O.

Suppose there exists a constant c such that o - < c(OLm -am) for every

n-1 -1

nand m withn 2 m. Then S = {ai,a ..} is a BDS if and only if for some

2"
positive integer h

OLn+h
lim sup log o

n > « n

< 0.



-1
'ROOF. Suppose lim sup_ ., log an+h an < 0. Then there exists a constant

+ < 1 such that an+h < can for n=1,2,... . It follows from Theorem 4 that _

» is a BDS. (Here we did not use the regularity condition.)

Suppose S is a BDS. Then by Corollary 1 there exists a positive number

: such that every interval [O,an) contains an interval J of length ea such

hat S n J = ¢J. Let k be such that J ¢ (an+k'an+k—1)' Then
max o -a > c—l(a - ) €a c_1
. n+j-1 n+j n+k-1 n+k n .
j=0,...,k
lence,
a =20 -0 > ¢ka c .
n n n+k n
1

]

Thus k < ce_l is bounded, which implies that for h = [ce

lim sup log %n+h < log(l-e) < 0.

n-—> « a
n
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